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Introduction
High performance fibre reinforced cement-based composites (HPFRCC), also known as

ECC (Engineered cement-based composites), has become an appealing possibility in the field of
construction [Li et al, 2001]. It does not only offer improved durability, but also the ability to
absorb orders of magnitude more energy before failing, than normal concrete, or even more than
standard fibre reinforced concrete/cements (FRC). HPFRCC was engineered using micromechanical laws [Li 1992]. If the variables of the mix, e.g. the fibre volume, fibre aspect ration
etc., are optimised a cement-based material is produced that shows pseudo strain hardening.
Figure 1 shows a graph of this phenomenon.
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Figure 1: Typical stress-strain response of ECC.

This ductile material proves to be very useful in high impact structures and buildings in a
seismic active region [Kesner, Billington, 2001]. Other uses with smaller dimensions are also
being investigated, e.g. pipes [Aldea et al, 1998] and repair layers [Kabele, 1999].
The prediction of medium to long term behaviour of concrete is an important capability, as
the durability of structures is an aspect that needs to be taken into account in the design process.
The time-dependant behaviour is still an uncertainty for HPFRCC.
Creep, a time-dependant phenomenon of cement-based composites, could cause a structure
to fail at a lower than expected load if the load is sustained for a period of time. This is known as
creep fracture and it has been shown to occur at a load as low as 50% of the ultimate load. The
time scale of creep fracture is of vital importance, as it could range from a few minutes to
hundreds of years. Furthermore, time-dependant fibre pull-out or fibre rupture can result in a loss
of ductility over a period of time. These unknowns have to be addressed before accurate
estimations can be made for the reliable design of structures containing HPFRCC materials.
Research to a great extent has been done in the modelling of fracture mechanics using
finite element methods, for example [Bažant and Oh, 1983] and [Rots, 1988] for ordinary
concrete and [Kabele, 2004] for HPFRCC. This gives the ability to predict the behaviour of a
structure before, during and after fracture without doing a destructive test. Time-dependant

behaviour is normally neglected and static analyses are done when modelling a cement-based
material. This method of modelling is ignoring an important property of concrete, namely creep
and shrinkage. Time-dependant analyses for concrete and masonry fracture have been done [Van
Zijl, 2001], but are still missing for HPFRCC.
Time-dependant behaviour of a cement-based material is mostly caused by shrinkage in the
short term and creep in the medium to long term. For the investigation of creep fracture it is
believed that creep is the most dominant failing mechanism, therefore the main focus of this
research program is on creep.
Creep is a complex phenomenon of a cement-based composite. It plays an even more
important role for HPFRC, as normally the binder content of a typical HPFRCC mix is more
than 60% [Li et al, 2001], which is predominantly prone to creep and shrinkage, as shown by
[Billington and Rousse, 2003]. This accentuates the importance of a study on the time-dependant
behaviour of HPFRCC.
Where creep fracture analyses have been attempted with a cement-based material, creep
has been incorporated as a visco-elastic phenomenon [Van Zijl et al, 2001]. This was found to be
inadequate to predict the correct time scale of fracture and a calibration factor was introduced,
namely the crack mouth opening rate (CMOR). One particular deficiency is the indirect
characterisation of the CMOR parameters. This has motivated the current further study of creep
on a macro-level. A physically more appealing approach is followed, by separating irreversible
viscous flow associated with micro-cracking from the description of macro-cracking. Thereby, it
is attempted to incorporate all rate effects in the creep description. In the process, the
determination of the creep fracture modelling parameters is rationalised.
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Time-dependant behaviour of HPFRCC
Creep can be defined as the increase of strain of a structure under a constant load or stress

over a period of time. Many theories have seen the light in the past century to describe the
mechanisms of creep. The theories have been narrowed down by scholars to a combination of
three mechanisms.
Firstly, creep is caused by the migration of the ever present water in the micro-pores in the
matrix. This movement is provoked if stress is applied to the material. The second is breaking
and re-establishing of bonds on the micro-level. This is believed to act in combination with the
first mechanism. Lastly, the formation of micro cracks in the matrix in relative high stress
conditions is known to cause the non-linearity of creep [Neville, 1970].
A typical strain-time graph of creep is shown in Figure 2. In the figure the load is kept
constant for a period of time and then removed. As seen on the graph, the creep strain increases
rapidly in the early days after loading and then flattens to an asymptote called the creep limit of

the material. Although the total creep deformation continuously increases in time, it is usually
considered to stabilize after several years.
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Figure 2: Creep behaviour over time.

When unloading the material, a certain part of the creep strain is recoverable. The rest of
the creep deformation is thus a permanent deformation.
To distinguish between recoverable creep and permanent creep, [Ishai, 1962] unloaded
creep specimens at different stages and then subtracted the recoverable creep from the total
creep. This is shown graphically in Figure 3. In the context of this report, the recoverable creep
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is called primary creep, while the permanent creep will be known as secondary creep.
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Figure 3: Components of creep strain.

It is important to note the primary creep is dominant in the early age of loading while the
secondary creep becomes dominant in the medium to long term. Typical values of primary creep
are found to be between 10% and 25% of the total creep in the long term [Neville 1970].
The magnitude of stress applied to a structure plays the primary role in the amount of creep
strain that occurs. Figure 4 shows the effect of the load, expressed as a ratio of the ultimate
strength, has on creep strain.
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Figure 4: Creep strain in relation to the applied load

Up to a certain load ratio, referred to as the non-linear creep load ratio, η, in this report, the
creep strain is proportional to the load. Past this point the creep strain increases exponentially
with an increase in load. This non-linearity is believed to be due to micro cracks forming in the
matrix and is not reversible. This is eventually the mechanism that causes creep fracture.
Another part of creep is now identified and referred to in this report as tertiary creep.
HPFRCC consists of three structural elements on the meso-level, namely the cement-based
matrix, the fibres and the interface of the fibres with the matrix. Creep, as described in this
chapter is only applicable to the matrix. The time-dependant response of the fibre or the interface
has, to the author’s knowledge, not been investigated and forms part of this research project at a
later stage. It is however believed that the time-dependant behaviour of fibre-pullout will be the
same type of response, just on a possibly much large scale.

3

Experimental program
For this study of the time-dependant behaviour of HPFRC, experimental tests were done to

determine the nature and to identify the source of the time-dependant behaviour. All tests were
persistently done with the same mix proportions as well as the same casting and curing method.
The experimental program consisted of uni-axial tensile as well as flexural tests, last
mentioned also referred to as three point bending tests. Force control and displacement control
methods were employed for both types of tests. The experimental program is shown in Table 1.
The ultimate loads referred to in Table 1 are the average peak resistance of the normal loading
rate test which is a loading rate that fractures the material between a time of 1 and 4 minutes. For
tensile test the rate is 0.5 mm/min and for bending 2.5 mm/min.
Table 1: Experimental program

Direct tensile
Displacement
Force
controlled
controlled
Number of
specimens
Loading
rate
Units

3
0.05

4

3

0.5
5
mm/min

3 point bending
Displacement
Force
controlled
controlled

2

3

50
% of ultimate

0.25

6

3

2.5 25
mm/min

3
250

1

1

85
95
% of ultimate

load

load

The mix proportions are shown in Table 2. This is calculated using the following ratios:
Water/Binder ratio of 0.4, Aggregate/binder ratio of 0.5. The binder consisted of CEM I cement,
a fly ash filler marketed as PozzFill by Ash Resources and Corex Slag of origin of the Saldanha
Steel Refinery in the Western Cape Province used in the ratio of 40:50:10. Please note that even
though not all the fly ash reacts as binder due to its high content with relation to the cement, all
the fly ash is assumed as part of the binder for the mix calculation purposes.
Fine sand was used as the aggregate and its grading is shown in Figure 5. Please note for
particle sizes above 150 um, locally available dune sand, marketed as Phillipe sand was used and
for the smaller particles, finely crushed Malmesbury Shale easily available in the Cape
Peninsula, Western Cape Province, was used.
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Figure 5: The grading of the aggregate used for the HPFRCC mix.

Super plasticizer was added to 1% of the binder by mass, and the viscous agent was 0.3%
of the binder, also by mass. PVA fibres were added at 2% by volume. The super plasticizer used
was Premia 100, and the viscous agent is marketed as Aqua Beton. Both are products of Chryso
SA.
Table 2: Mix proportions for the chosen HPFRCC mix.

Water
CEM I
FA
Slag
Fine Sand
SP

Mass
kg/m3
423
423
528
106
528
10.6

VA
3.17
PVARecs 13 26.0
Care was taken to insure that the mixer was saturated with water, but dry to the touch
before the execution of all the mixes. This insured a minimum loss of water during the mixing
process due to the absorption of the steel of the mixer. A Hobart type mixer with a capacity of 10
litres was used. The mixing procedure and mixing times is shown schematically in Figure 6.
Time:
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30s
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60s
60s
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Figure 6: The mixing procedure with the time shown in seconds for each step.

The specimens were cast horizontally in steel moulds on a standard vibrating table. The
correct amount of material was cast into the moulds and a steel lid was used to close the mould.
The moulds were taken to a temperature controlled room after casting at 23˚C. The
specimens were left to cure in the closed moulds for 72 hours before they were stripped. The
specimens were then submersed in water at 23˚C until an age of 13 days. Sikagard 63N, a brush
applied sealant supplied by Sika SA, were used to seal the specimens directly after they were
taken out of the water. All specimens were then tested at an age of 14 days.
3.1

Displacement controlled tensile test setup
The displacement controlled uni-axial tensile tests were done using a Zwick Z250

Universal Material Testing Machine. The dog bone shaped specimens that were used are shown
in Figure 7. The displacement of the crossheads of the Zwick Testing Machine was prescribed
for each set of tests according to the rates shown in Table 1.
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Figure 7: Dog bone tensile specimen and the displacement controlled tensile test setup in the Zwick Z250 Material
Testing Machine.

The strain readings were taken using a HBM DD1 extensometer with a gauge length of 80
mm. The extensometer was placed as shown in Figure 7. The range of this extensometer is 2.7%
strain when used with the chosen gauge length. The increase of the displacement between the
crossheads of the Zwick machine is used as the strain readings when the strain over the gauge
length was out of the range of the extensometer. If cracks occur outside of the gauge length area
after the extensometer was removed, these crack widths are then included in the strain readings.
For this reason no strain results are analysed or discussed which is not measured directly by the
extensometer. The force readings are however accurate throughout the entire test.
3.2

Force controlled tensile tests
The force controlled tensile tests were done using a method of applying the load with free

hanging weights acting with a lever arm on the specimens. The load is applied to two specimens
in series. Due to the action of the lever arm, the load of the weights is increased by a factor of 4.
The setup can be seen in Figure 8.
The strain of the specimens is measured using an instrument consisting of a thin (0.2 mm)
spring steel plate with dimensions of 90x15mm. Two strain gauges are fixed on the centre of the
plate on opposite sides. The strain gauges are connected using a Wheatstone bridge in such a
way that axial strains are cancelled out and only bending strains are measured. Each of these
instruments was calibrated using a micro-meter to relate the displacement between two fixed
points to the readings of the strain gauges. The resolution of these instruments is about 8 μm/m.
An example of this instrument is shown in Figure 9.
The theory of relating the readings of the strain gauges to the actual displacement between
the two points is deducted from linear elastic equations using Eular bending theory. It is shown
in Figure 10 that if the curvature of the steel plate is high enough, the change of strain of the
strain gauges will be approximately proportional to the change of length between the fixing
points. If true Euler bending is accepted and the shape of the curved plate is taken as part of a
circle perimeter, the strain of a beam at a distance y from the neutral axis, for the chosen plate
0.1mm, is expressed as:

ε=

y
R

(1)

where R is the radius of the circle formed by the bending of the plate. The relation between
the distance between the measuring points, (L + ΔL) and R is:

⎛ Lp ⎞
⎟⎟
L + ΔL = 2 R SIN ⎜⎜
2
R
⎝
⎠

(2)

with Lp the length of the plate (in this case 90mm), and SIN is calculated using radians.
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Figure 8: Force controlled uni-axial tensile test setup
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Figure 10: Theoretical representation of the strain readings of the measuring instrument.

These tests are still in a preliminary stage and the strain measuring instruments are under
construction, thus all the strain readings are normalised.
3.3

Displacement and force controlled bending tests
All 3 point bending tests were done in the same test setup. A 500 kN Instron servo

controlled hydraulic actuator was used to apply the load. A force or displacement controlled test
can be prescribed by the control unit of the actuator at the required loading rate. The force was
measured using a 2 ton HBM U1 load cell and the deflection with a HBM W50 LVDT. The
beam dimensions as well as the test setup are shown in Figure 11.

38 mm
38 mm wide
150 mm
Figure 11: Three point bending specimen and setup.

4
4.1

Experimental results
Displacement controlled tensile tests
3 sets of tensile tests were done at different displacement rates, covering 2 orders of

magnitude. A typical response of each testing rate is shown in Figure 12. The data beyond 2.7%

strain is not shown due to the untrue response cause by the removing of the extensometer when it
reached its range. The complete results, including the response past the 2.7% strain mark is
shown in Appendix A. A graph showing the maximum stresses achieved for the different testing
rates as well as error bars indication the scatter of the values can be seen in Figure 13.
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Figure 12: Typical response of each loading rate.
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Figure 13: Summary of ultimate resistances of the tensile tests (left) and a typical failure of a ECC specimen.

From Figure 12 it could be deducted that there is an increase of the first cracking strength
of the material with an increase of strain rate. This could however not be quantified as were done
in the case of the ultimate strength due to the difficulty of objectively finding the exact point of a
first crack. The unclear point of first cracking is believed to be due to a steady state crack
forming, instead of a unstable Griffith crack, which would cause a crack to grow over a
noticeable time period, this the exact point of crack forming is difficult to determine. Further
work is required to find a method of objectively finding the first cracking point of the material.

It is apparent from Figure 12 that a typical HPFRCC strain hardening response was
obtained for all specimens in direct tension. Moreover, reasonable repeatability was found,
indicated by for instance a coefficient of variance of less than 15% in ultimate tensile strength.
In contrast with the direct tensile strength rate dependence observed for concrete [Van Zijl
et. al., 2001b] and HPFRCC [Maalej et. al., 2004], no significant rate enhancement of ultimate
tensile strength was found for this material within the loading rate range investigated. It is
proposed that a larger range of strain rates are investigated to establish a trend. Furthermore, to
improve the objectivity of the rate dependence characterisation, more specimens need to be
tested and the strain rate over the gauge length of the specimens will be prescribed in future
experimentation, as opposed to the current control of the cross head velocity.
An important characterisation which is especially important for computational modelling is
the localising crack opening response. This is not easily deducted from the response over the
gauge length, as only one of the multiply cracks localises and the rest of the cracks close due to
the decrease in the load. A possible solution is to measure the opening displacement of the
localising crack, but this is difficult as the position of the localising crack is not known
beforehand. Another pragmatic option is to investigate the unloading behaviour of this material
and then calculate the localisation behaviour using the response over the gauge length and
assume the unloading behaviour to act on the material in gauge length. Thus, the correct
localisation response of the material is achieved. This is however only possible if the strain is
measured over the gauge length for the full duration of the test.
4.2

Force controlled tensile tests
At the time of the compilation of this report, the difficulties found with the strain

measuring instruments used to measure the strain increase due to uni-axial creep has not yet been
solved. The results shown include an uncertain amount of increase of strain which is the results
of the creep of the strain gauges used in the manufacturing of the instrument and not the
specimen itself. There is however trends found in the results which are worth noting.
Two tensile specimens were subjected to a constant load of 50% of the ultimate load. The
definition for the ultimate load for force control tests was described earlier in this report. The
results of the strain against the time are shown in Figure 14. Note that after about 4 minutes
subsequent to the load application, the one specimen cracked and this caused a sudden increase
of strain.
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Figure 14: Prelimary results of tensile creep responses. The specimens were loaded at 50% of their ultimate load.

Preliminary trends observed in the direct tensile creep tests, of which only two have been
performed up to the date of this report, are that a large increase in time dependent deformation
accompanies matrix cracking. In Figure 14, which shows the tensile creep responses of two
identical specimens, both loaded to 50% of the average peak tensile resistance, a significantly
larger creep strain can be seen for the specimen which cracked, compared with the specimen
which did not crack. This increased deformation is attributed to time-dependent fibre pull-out in
the cracked specimen. The difference in total strain between cracked and uncracked specimens,
in this case at the same load level, is of critical importance for the serviceability limit state
conditions of structures or members fabricated of such materials. This time-dependant fibre pullout could also cause a complete failure to occur.
4.3

Displacement controlled bending tests
Flexural tests were done over a range of 3 orders of magnitude of the deflection rate. A

typical response of each testing rate is shown in Figure 15. The complete set of results can be
found in Appendix B.
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Figure 15: A typical response of each loading rate of the 3 point bending tests.

The results are summarized in Figure 16 with regards to the first cracking strength,
deflection at the first crack, the ultimate resistance and the deflection of the ultimate resistance.
Unlike the tensile responses, the point of the first matrix crack is objectively determinable in
these tests. Note that the definition of a first crack used is the point where the increased
displacement causes a sudden change of slope of the load response. The stiffness of the beam
before the first cracking point, which is a good indication of the change stiffness of the material,
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is shown in Figure 17.
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Figure 16: The force and displacement averages with the minimum and maximum values shown of the first cracking
point (left) and the ultimate force point (right).
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Figure 17: The stiffness of the beam until the first cracking point (left) and a typical localising crack in bending
(right).

As opposed to the direct tensile response measured in this research project up to now, clear
trends are observed for bending rate dependence of this HPFRC, as was also reported for
concrete [Bažant and Gettu, 1992], [Zhou, 1992]. An increased first cracking strength (by
approximately 70%), ultimate strength (25%), as well as increased stiffness (40%) are observed
in Figure 17 with 3 orders of magnitude increase in deflection rate. On the other hand, a reduced
ductility is seen in Figure 16 with increased deflection rate.
The results show clear trends, but the slowest testing rate resulted in a test of only about 30
minutes. A remarkable slower test is practically possible and will give a better representation of
the creep limit. It is proposed that a test is done at a deflection rate of 0.025 mm/min, which
would take approximately 5 hours.
4.4

Force controlled bending tests
Two bending specimens were subjected to a constant load for a period of time. The

purpose of these tests is to investigate the increase of deflection over time, as well as to study the
possibility of a delayed failure, known as creep fracture. Both these tests were ended before any
evidence of failure. The first test was ended after 5 days, and the second after 8 days. There was
however no reason to believe that the specimens could not have fractured if these tests were not
discontinued.
In Figure 18, the responses of the tests are shown. The displacement at different time
intervals is marked on the graphs to give an indication of the rate of the creep deflections due to
the constant load. The load levels were 85% and 95% of the ultimate load as defined earlier. The
typical response of the highest and lowest deflection rate, 250 mm/min and 0.25 mm/min
respectively, are included as a reference. The times required to reach the maximum load of the
deflection controlled tests are also indicated.
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Figure 18: Responses of the force controlled tests together with typical results of the highest and lowest deflection
rate tests.

The rate of the application of the load is important for the force control tests, as this could
results in a different behaviour after the required load is reached. For these tests, the load was
increased linearly and the required load was reached between 60 and 70 seconds. The ideal
method of applying the load for this type of test is to use a displacement controlled method at the
rate of a normal testing speed, in this case 2.5 mm/min. This was not possible due to the
limitation of the control unit of the actuator.
On Figure 19 a creep fracture limit and a creep limit is shown. A creep fracture limit is the
point at which localisation would start. If the material reaches the creep limit, the material would
not creep any further if the load is not increased, and would thus become stable with time. The
critical and dangerous region is the area above the dotted line in Figure 19. If a material is loaded
to a point inside this critical region, fracture could occur if the material’s load is sustained over
time. The data used is not enough to accurately attain these limits, but is a good indication. The
creep limit is based on a test which took only 30 minutes to complete while the creep limit
should be defined by a test with an infinite slow deflection rate. The creep limit could thus be a
great deal lower than the one shown in Figure 19. It is impractically to do a test for longer than a
few days, this the creep limit need to be determined using a computational model introduced
later in this report.
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Figure 19: Creep fracture limit and the creep limit are shown together with the force controlled tests as well as the
limit of the deflection rate tests.
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Computational strategies/framework

5.1
5.1.1

Fracture Criteria
Damage vs. Plasticity

The two most widely used and accepted approaches for numerical modelling the fracture
of concrete as a continuum material is a continuum damage mechanics approach and a
computational associative elasto-plasticity model. Both can be implemented as a smeared
cracking approach, i.e. the strains caused by the crack openings are added to the total strain of a
material point compared to a discrete crack modelling where specific interface elements are
placed strategically to act as crack openings. The discrete cracking approach is not suitable for
ductile materials as HPFRCC because the crack position and path is not known beforehand as is
required by a discrete modelling approach. Other smeared cracking numerical models has also
been defined and used, e.g. total strain model by Peter Feenstra which is especially useful for
modelling cycled loading of concrete and other cement-based materials.
Even though these models give similar results, their mathematical formulations differ
significantly. The basic relation used in an elastic computational model is shown in Equation ( 3
).
e

(3)

σ =D ε

The stress vector, σ, is related to the strain vector, ε, via the elastic stiffness matrix, De. The
damage approach is based on the reduction of the stiffness matrix of the material when yielding
occurs using a damage indicator scalar, ω, which ranges from 1, no damage, to 0, total damage,
shown in Equation ( 4 ).

σ = (1 − ω )D ε
e

(4)

Plasticity on the other hand, does not alter the elastic stiffness of the material, but uses the
same stiffness matrix. There is however an added plastic strain to represent the crack opening.
This is shown in ( 5 ).

ε total = ε elastic + ε plastic
σ = D (ε total − ε plastic )
e

(5)

The calculation of ω and εplastic is shown later in this report.
A clear difference can be seen in the unloading behaviour of these two models. Using a
damage approach the material would exhibit full unloading, i.e. no residual strains when the
stress is released. This type of unloading is also referred to as full secant unloading. Plasticity on
the other hand, will have residual strain when unloaded and the unloading would take place with
the same gradient as the initial elastic loading. This is shown graphically in Figure 20.
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Figure 20: The unloading behaviour of a damage formulation (left) and a plasticity implementation (right).

Another important difference between the two models is the fracture or yielding criterion.
Plasticity based constitutive models use a stress based yielding criterion. This implies that the
non-linear behaviour is prescribed using a formulation that is based on the current stress. A
formulation for the compression behaviour and tensile behaviour are combined to produce a two
dimensional fracture criterion.
A damage approach in contrast uses a strain controlled fracture criterion. The formulation
used to determine the state of damage (ω) is calculated using the current strain condition.
Generally, only the tensile behaviour is prescribed, thus the compression yielding is seldom
included in a damage formulation.
Compression failure does still occur indirectly in a damage mechanics implementation due
to the poison effect on the induced strains. The tensile strains in the orthogonal direction are
increased if the material is loaded in uni-axial compression, thus failure can occur in the
orthogonal direction even if no stress is induced in that direction. Failure in compression will
thus occur due to splitting and is controlled by the poison ratio for the material, e.g. if the
ultimate tensile strain in a material is prescribed as 300 um/m and the poison ratio at 0.2, the
material will yield in tension if the compression strain reaches 1500 um/m. A numerical example
of this is scheduled for later in this research project.
The physical interpretation of these models is more intuitive. Using a damage approach
would mean that all the crack openings in the material will close completely when the material is
unloaded. With plasticity however, no cracks will close during unloading as the strain caused by
the cracking is permanent. Not one of these two models is believed to be true to the actual
response of a cement-based material, as the correct representation would however be a
combination of the two models. This will hopefully be proved by the unloading tests of
HPFRCC scheduled for later in this research program. However, for the purpose of this research
project, the damage approach is chosen for fracture. The plasticity approach would however be
introduced to incorporate the time-dependant creep behaviour.
5.1.2

Tensile response

The basis behind an isotropic continuum damage approach has already been introduced in
Equation ( 4 ). Using an isotropic damage mechanics implementation as done in this report, a
rotating crack approach is entailed. This implies that the direction of the crack is always
orthogonal to the direction of the largest principal tensile strain and an increase of strain in any
direction would add to the crack width included in the total strain. This type of modelling would
be a concern if there are significant changes in the direction of the principal strains during an
analysis. For the type of analyses planned in this research project this would however not be a
concern.
For the calculation of the state of damage, ω, a generalization is required for the equivalent
strain. The maximum principal strain criterion is chosen and shown in Equations ( 6 ), ( 7 ) and (
8 ) with ε~ , a scalar, the equivalent strain.

ε~ = 0.5ε P t ε + 0.5π ε

(6)

⎡ 1 − 1 0⎤
P T = 0 .5 ⎢ − 1 1 0 ⎥
⎥
⎢
0 1 ⎥⎦
⎢⎣ 0

(7)

⎡1 ⎤
π = ⎢1 ⎥
⎢ ⎥
⎢⎣0⎥⎦

(8)

T

T

The damage loading function is defined as:
f (ε~, ε~ ) = ε~ − ε~
H

H

(9)

ε~H is an internal history variable which represents the largest equivalent strain achieved in
an analysis at the current point of time of the analysis. If the function is positive, loading will
occur and ω will be recalculated, else unloading will take place and the damage variable will stay
the same as for the previous increment.
Now, when loading occurs, the stress becomes a function of the current equivalent strain as
in Equation ( 10 ) with ε0 the strain of the fracture threshold, the strain at which yielding starts.
σ = f (ε~ − ε )
( 10 )
0

If Equation ( 10 ) is combined with a one dimensional generalization of Equation
( 6 ), the damage variable becomes Equation ( 11 ) with E the young’s modulus of the virgin
material.

ω =1−

f (ε~ − ε~0 )
Eε~

( 11 )

σ
ftu
fty

ε0

ε~

εsh
εtu

Figure 21: Tri-linear representation of the tensile response of the material.

A tri-linear representation of the uni-axial tensile material response is chosen as in Figure
21. Using this assumption, the damage variable can now be solved for directly by the following
equations. The derivatives of ω with regards to the equivalent strain are also shown.
For

ε 0 ≤ ε~ < ε 0 + ε sh
⎞ ε
f ε
1 ⎛ f tu ε 0 2
− ε 0 2 − ε 0ε sh ⎟ + 0 − tu 0
⎟ ε sh f ty ε sh
f ty
⎠

ω = 1+ ~ ⎜
ε ε sh ⎜⎝

( 12 )

⎞
∂ω
1 ⎛⎜ f tu ε 0 2
2
⎟
=
−
−
−
ε
ε
ε
0
0
sh
⎟
∂ε~
ε~ 2ε sh ⎜⎝ f ty
⎠

( 13 )

~
and for ε sh + ε 0 < ε ≤ ε tu + ε 0
f ε (ε − ε )
f tu ε 0
ω = 1 − ~tu 0 tu 0 −
ε f ty (ε tu − ε sh ) f ty (ε tu − ε sh )

( 14 )

f tu ε 0 (ε tu − ε 0 )
∂ω
=
∂ε~ ε~ 2 f ty (ε tu − ε sh )

( 15 )

5.1.3 Crack Band Width vs. Element Size
In the formulation derived at Chapter 5.1.2, the localisation process is described by linear
decreasing line. Complete failure occurs at a prescribed strain, namely (εtu + ε0). An objective
cracking model should always be independent of the element size used in the finite element
analyses. If εtu, is prescribed as a strain, a bigger element size would cause significant more
energy dissipation for the ultimate failure than a smaller element would. For this reason a
softening length is rather prescribed and this length is divided by the element size to attain the
ultimate strain. This would result in a smaller softening strain for larger elements, and vice versa.
This way the correct amount of energy will be dissipated in the case of brittle type materials.

For materials as ductile as HPFRC, it is often found that the localising crack is spread over
a region at the start of localisation and only at a later stage the crack would form at one position,
using one row of elements and not a band of elements. During the time that the localisation is
spread over multiple elements, using the element size calculation for the softening strain would
cause more energy to be dissipated the finer the mesh used.
A pragmatic solution would however be to find a combination of the two approaches that
would give the best representation of the true behaviour and be mesh independent. Analyses is
planned for later in the research program to find the optimal relation.
Another problem with modelling the softening of the material is to correctly attain the
softening response from experimental tests. To implement true softening response, the softening
response of a single crack has to be found. This is difficult as the other cracks over the gauge
length which is not softening at the point of localisation, is closing due to the reduction of the
stress level. It is also not so easy to directly measure the opening displacement of the localising
crack, as its position is known before hand.
5.2

Geometric non-linearity.

Normally in analyses the geometric non-linearity are neglected. This simplifies the
solution. The assumption is based on the reasoning that the displacements of the model are very
small with regards to the deflection on the structural level.
This assumption need to be proven is part of the ongoing research project.
5.3

Time-dependant strategies – non-linear creep and implementation

5.3.1 Mathematical description of non-linear creep
As described in Chapter 2, creep is believed to consist of 3 components, namely primary
creep, secondary creep and tertiary creep. At this stage of the research project, the effect of
recoverable creep is ignored and the focused lies on the secondary and tertiary creep for
simplification of the proposed model.
A mathematical model is required to calculate the total creep strain of a material point at
every finite point of time during an analysis. Even though the concept of superposition is
accepted for creep, the formulation still needs to take into account the load history. A
formulation has to be derived that represents the complete stress history over time without
having to add a variable for each history point.
The assumption of super position implies that the total creep strain can be calculated by
taking the sum of the creep strains caused by each stress and time increment separately. This is
explained graphically for two increments in Figure 22.

Creep Strain

Total Creep

Creep (Increment 1)
Creep (Increment 2)

t0

t1

t2

Time

Figure 22: Principal of superposition.

The basic shape of creep strain is assumed to be represented by Equation ( 16 ). C1 defines
the total creep that occurs for 1 stress unit, also know as the creep compliance, while C2 defines
the rate the creep occurs. This, however, can not represent the typical shape of creep strain over
time. A sum of N terms of Equation ( 16 ) is used, each with different values for C1 and C2 as
shown in Equation ( 17 ).

ε = σ .C1 .(1 − e −C .t )

( 16 )

2

ε = σ .∑ (C1 (1 − e −C t ))
2

( 17 )

N

For calculating the creep strains for a specific time increment, t0 to t1, and stress increment,
σ0 to σ1, the equation becomes:

ε 1 = (σ 1 − σ 0 ).∑ (C1 .ϕ .(1 − e − C (t −t ) ))
2

1

0

( 18 )

N

This holds true for secondary creep, which is proportional to the stress. If tertiary creep is
to be incorporated in this formulation, C1 has to be increased to include the non-linear tertiary
creep. For this C1 is multiplied by a factor, φ, which is introduced to incorporate the nonlinearity in this formulation. φ is defined in Equations ( 19 ) and ( 20 ).

ϕ =1

for

ϕ = 1 − A + Ae

σ1
<η
σu
B .(

σ1
−η )
σ ultimate

( 19 )

for

σ1
≥η
σu

( 20 )

Where σ1 is the current stress, σu is the ultimate static stress, η the non-linear creep load
ratio, the load ratio at which tertiary creep starts and A and B two constants defining the shape of
the non-linearity. In this implementation A and B are the same for each term in the summation.
For simplification of the development of the formulation only one term of the summation is
exploited as shown in Equation ( 21 ).

ε 1 = (σ 1 − σ 0 ).C1 .ϕ .(1 − e −C (t −t ) )
2

1

0

( 21 )

For a next increment, t1 to t2, the stress is increased from σ1 to σ2. The total creep strain, ε2,
is shown in Equation ( 22 ).

ε 2 = (σ 1 − σ 0 ).C1.ϕ1.(1 − e −C (t −t ) ) + (σ 2 − σ 1 ).C1.ϕ 2 .(1 − e − C (t −t ) )
2

2

0

2

2

1

( 22 )

This simplifies to:

[

ε 2 = e −C t (σ 0 − σ 1 ).C1.ϕ1.e C t + (σ 1 − σ 2 ).C 1 .ϕ 2 .e C t ] +
2 2

2 0

2 1

[(σ 1 − σ 0 ).C1.ϕ1 + (σ 2 − σ 1 ).C1.ϕ 2 ]

( 23 )

At a given increment the stress and time at the start and end of the increment is known.
The variables of the first term between each square bracket is known at the end of the first
increment, while the parameters of second term in each square bracket is known at the end of the
second increment, without needing any information about the previous increments. If another
increment is added, a third term would arise with the same property, that it is all the parameters
of that term is known at the end of that term without needing any information about the previous
increments. The equation is simplified to produce Equation ( 24 ) .

[

]

ε 2 = e −C t H1 + (σ 1 − σ 2 ).C1.ϕ 2 .eC t + [H 2 + (σ 2 − σ 1 ).C1.ϕ 2 ]
2

2

2 1

( 24 )

Two new variables are found in Equation ( 24 ), namely H1 and H2. These are two history
variables, which encapsulate the stress history. The update of the history variables after the
second increment is as follow:
H 1 New = H 1 + (σ 1 − σ 2 ).C1 .ϕ 2 .e C2t1

( 25 )

H 2 New = H 2 + (σ 2 − σ 1 ).C1 .ϕ 2

( 26 )

Thus, a formulation is derived where secondary and tertiary creep can be modelled in a
continuum where the applied stress can change with time. This formulation uses only two
variables per summation term to represent the stress history. The complete formulation is shown
in Equation ( 27 ).

[

[

]

ε 2 = ∑ e −C t H1 + (σ 1 − σ 2 ).C1.ϕ 2 .eC t +[H 2 + (σ 2 − σ 1 ).C1.ϕ 2 ]]
N

2

2

2 1

( 27 )

Elasto-plasticity, as introduced in Chapter 5.1.1 is chosen for modelling creep. As
explained in the previous chapter this modelling strategy has the results that all creep strains are
permanent.
Associative isotropic plasticity has the feature of an activation stress and it has been shown
that creep occurs even at relative small stresses (Neville, 1970). Therefore, it can be deduced that
creep does not have an activation stress level. The activation stress level is thus chosen as zero at
the start of loading, but changes due to changes in the load, the time and the stress history (H).

ε Creep = f (σ , t , H )

( 28 )

The creep strain after an increment in a numerical analysis is a function of the stress, time
and the stress history, see Equation ( 28 ).
This formulation can be used for calculating the yielding criteria for a plastic constitutive
implementation for a plane stress element. The yielding stress for plastic flow is found by
solving equation 15 for σ2, the stress at the end of the increment, which becomes the yield stress,

σft and σfc for tensile and compression respectively. ε2, the total creep strain at the end of the
increment becomes κ, the plastic strain. The result is shown in Equation ( 29 ) together with the
derivative with regards to in κ in Equation ( 30 ).

σ2 =

(

κ − ∑ e − C 2t1H1 + σ 1C1ϕ eC 2t1− C 2t 2 + H 2 − σ 1C1ϕ
N

(
N

∑ C1ϕ − C1ϕ e

∂σ 2
1
=
C 2t 2 −C 2t1
∂κ
∑ C1ϕ − C1ϕ e
N

(

C 2t1− C 2t 2

)

)
( 29 )

)

( 30 )

A Rankine yield surface, also known as the maximum principal stress yield criteria is used
for the compression and tension zones. The yielding function, f, and the potential flow function,
g, which are the same in associative plasticity are shown in equation ( 31 ) and equation ( 32 ) for
tension and compression respectively. The derivatives with regards to κ are shown in equations (
36 ) and ( 37 ).

T

T

( 31 )

f = g = 0.5σ P t σ + 0.5π σ − σ yc

T

T

( 32 )

ε~ = 0.5ε P t ε + 0.5π ε

( 33 )

⎡ 1 − 1 0⎤
P T = 0 .5 ⎢ − 1 1 0 ⎥
⎥
⎢
⎣⎢ 0 0 4⎦⎥

( 34 )

⎡1 ⎤
π = ⎢1 ⎥
⎢ ⎥
⎣⎢0⎦⎥

( 35 )

∂σ yt
∂g
=−
∂κ
∂κ

( 36 )

∂σ yc
∂g
=−
∂κ
∂κ

( 37 )

f = g = 0.5σ P t σ − 0.5π σ − σ yt

T

T

σ2
ft
ft

fc

σ1

τ
fc

Figure 23: Rankine yield surface used for constitutive plasticity.

The yielding surface is shown in Figure 23 with σ1, σ2 and τ the components of the stress
vector in a plane stress environment.
To simplify the implementation, the assumption of isotropic creep is made. It is, however,
possible to distinguish between compressive and tensile creep.
Creep can thus occur in compression and tension independently.
5.4

Incorporating time-dependant creep of fibre slippage in model

It was shown in Chapter 4.2 that a significant increase was found when the material is
cracked. This is believed to be due to the time-dependant pull-out of the fibres which contribute
to the creep of the material. This time-dependant phenomenon is only found if the material is in
the strain-hardening or softening region.
This behaviour is added to the current representation by adding a variable to Equation ( 16
) that increases the creep compliance with regards to the current straining position. This will be
done at a later stage in the research project.

6
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